GLOBAL EXISTENCE OF SOLUTIONS OF THE NORDSTROM- VLASOV SYSTEM 

IN TWO SPACE DIMENSIONS 
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, Abstract. The dynamics of a self-gravitating ensemble of collisionless particles is modeled by the Nord- 

' Strom- Vlasov system in the framework of the Nordstrom scalar theory of gravitation. For this system 

y ' in two space dimensions, integral representations of the first order derivatives of the field are derived. 

, Using these representations we show global existence of smooth solutions for large data. 

^ ; 

> ; 

'nI" I 1. Introduction 

, The Vlasov equation in general describes a collection of collisionless particles. Each particle is driven 

I by self-induced fields which are generated by all particles together. When the relativistic effects are 

, negligible, the dynamics is described by the Vlasov-Poisson system. Otherwise the relativistic Vlasov- 

(-H ' Maxwell system in plasma physics and the Einstein- Vlasov system in stellar dynamics are considered. 

The Vlasov-Poisson models are well understood by now in the question of global existence of classical 
I solutions ^1 El 1^ ■ The relativistic models have very different structure and so far they have been 

^ I considered separately. In the gravitational case, global existence of (asymptotically flat) solutions for the 

C ' Einstein- Vlasov system is known only for small data with spherical symmetry [201 • For the relativistic 

' Vlasov-Maxwell system the theory is more developed, cf. |21E|, 0-031) CHI' However global existence 

' and uniqueness of classical solutions for large data in three dimensions is still open. 

' A different relativistic generalization to the Vlasov-Poisson system in the stellar dynamics case has 

been considered in Pj, where the Vlasov dynamics is coupled to a relativistic scalar theory of gravity 
which goes back, essentially, to Nordstrom |16| . More precisely, the gravitational theory considered in 
^ corresponds to a reformulation of Nordstrom's theory due to Einstein and Fokker 7 . Therefore the 
resulting system has been called Nordstrom- Vlasov system. 

Let f{t, x,p) > denote the density of the particles in phase space, where t g R denotes time, x G 
position and p e momentum. The gravitational effects are mediated by a scalar field (j){t,x). The 
Nordstrom- Vlasov system in two dimensions is given by 

5?0-A.0 = -47r / / (1.1) 

dtf+P-^.f- \s{cf,)p + ^==1 • Vp/ = 3S{cb)f (1.2) 
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where p — p{l + and S = dt+ p - Vx- Initial data are given by 

f{o,x,p) = r{x,p), 

9*0(0, x) =0i"(x). 

The spacetime is a Lorentzian manifold with a conformally flat metric which, in the coordinates {t, x), 
takes the form 

= e2'^diag(-l,l,l) 

where the Greek indices run from to 2. The particle distribution /physical defined on the mass shell in 
this metric is given by 

/physical(i, X,p) = e"^*/(t, X, c'^p). 

Details on the derivation of this system in three dimensions can be founded in and also in general 

N dimensions in 

In |4j a condition is established such that a global classical solution is achieved in three dimensions 
and existence of global weak solutions of the Nordstrom- Vlasov system has been shown in . Also the 
Nordstrom- Vlasov system has been justified as a genuine relativistic generalization of the (gravitational) 
Vlasov-Poisson system, by indicating the relation between the solutions of the two systems. Precisely it 
has been proved in P that in the non-relativistic limit c oo the solutions of the Nordstrom- Vlasov 
system in three dimensional space converge to solutions of Vlosov-Poisson system in a pointwise sense. 
One can prove a similar result in the case of two space dimensions, using the analogous argument in |14j . 

This paper proceeds as follows. In Section[21we provide representations of the derivatives of the scalar 
field and state our main results in detail. The first of such results is a global existence theorem of solutions 
of the Nordstrom- Vlasov system under the condition that momenta of particles are controlled, which will 
be proved in Section |31 This control of particle momenta exists in the two space dimensions, which is the 
second result and the demonstration of this will be shown in Section^ 

2. Preliminaries and the main results 

Here are a few notational conventions. C denotes a positive constant which changes from line to line 
and may depend only on the initial data. Similarly C{t) denotes a positive nondecreasing function of 
time. Also we use the norms 

\\f{t)\\ - sup{/(t,a;,p) : (x,p) e x M^}, 
||0(t)|| -sup{|0(t,a;)| ixeR^}, 
|||0(t)||| =sup{||0(r)|| :0<T<t}. 
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We also denote 

\\D^m =snp{\M{t,x)\, \d^,(l>{t,x)\ :a;GR2,i = l,2} 
\\D^cl>{t)\\^snp{\d^cl>{t,x)l \dtd^^cl,{t,x)l \d,^d,^^{t,x)\:xeM.^i,j^l,2}. 

Let us recall the representations for the electric and magnetic fields, Ek (with k = 1,2) and B, in the 
case of the relativistic Vlasov-Maxwell system in two space dimensions (Theorem 1, in 



Lemma 1. 



* ' ietk)f 



E,{t,x)^El~2 / / ^7^: ^^ dpdydr 

Jo J\v~x\<t-TJ \/[t~Ty -\y-x\^ 

-2/7 / iE. +hB,E,-P.B)f ^^^^^^^ ^^^^^^ 

Jo J\y-x\<t~TJ ^y {t - ry - \y - x\'^ 

B{t,x) = B"^ + 2 f f f ^^^^^ dpdydT 

Jo J\y-x\<t-T J [t - tY - \y - x\'^ 



(El + P2B, E2 - piB)f 



2 ^-^^ y^^'^^ ^^-^pihs) dpdydT 



\y-x\<t-rJ ^(t-r)2 -\y~x\ 
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where E^ and B'^ are Cauchy data terms and kernels are given by 

. Ck+Pk 6 + Pk 



(l + H2)(H-C-p)2' 

, , ^ £.1P2 - £.2Pl , ^ ClP2 " 

(l + |pP)(l+e-p)^' ' 



Here £ — 7-^ . 

^ t — T 



The next two propositions show that the derivatives of (j) satisfy similar representations. 
Proposition 1. 

a.^(M) - M..^ ''L^ ^i^\p\Hii7'pwt-^-\y-x\'^ '''' 

+ 2/7 / ^HLp)fir,y,P) 

io J\y-x\<t-rJ (t-T)^(t-r)2-|y-xP 
Jo J\y-x\<t-rJ V(i-T)2- ly-xp 

-2/7 /c^'(C,P)-(V.^)/(r,y,.)...^... 

Jo J\y-x\<t-T J {t - tY - \y - x\'^ 
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(l + b|2)3/2(n_^.p) 
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Proposition 2. 



Jo J\y-.\<t-rJ {t-T)^it-Tr -\y-x\^ 
Jo J\y-x\<t-TJ V(t - 'r)2 - |y - 

-2/7 /^^-(e,P)-(v.0)/(r,y,rt^^^^^^ 



•/ <i— r 



(6 + Pi ) - P2 (6^2 - 6P1 ) 



a<?'-i = ^ = V 1 + br [(eti) - P2(60] 

vi + \p\ i^ + ^-p) 

The representation for 8x^(1} is almost identical to the one for 9^:10 and so we omit it. The proof of 
Proposition 121 is provided in the appendix. 

One basic property of the Vlasov equation is that the distribution / is constant along the characteristic. 
However, this is no longer true in Nordstrom- Vlasov system. Nevertheless one can have a similar property. 
The following lemma is from 0. It is true also for the two space dimensions and the proof is shown in 
the appendix. 

Lemma 2. Let G Cl{R^), (f)]^' € ^^(M^) and (f>^' e C^{M.^). Then 

\\fm<ce^' 

for all t e M. 

Here is the main result of this paper : 

Theorem 1. Let e C^iM.'^) with compact support m p, cf)}^ e C^{M.'^) and (pf' e C'^{K.'^). Then there 
exists a unique classical solution (/, 0) G C"'^([0,oo) x K'') x C^([0,oo) x M?) of the Nordstrom- Vlasov 
system m^-^^. 
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We will prove this main result by showing the following two theorems in the rest of the paper. 

Theorem 2. Let f™ e Cl{R^), 01," G (R^) andcf™ e (M^). Assume that there exists a nondecreasing 
function C{t) for which 

f{t,x,p)=0 tf\p\>C{t). 

Then there exists a unique classical solution (/, (j)) G C'"'^ ([0, oo) x M**) x ([0, oo) x R^) of the Nordstrdm- 
Vlasov system 

Theorem 3. Assume the initial data from Theorem\^ Also we assume that f™ has compact support 
in p. Then there exists a unique classical solution {f,4>) G C"'^([0,oo) x R**) x C^([0,cxd) x R^) of the 
Nordstrom- Vlasov system satisfying 

f{t,x,p)^0 if\p\>C{t) 

for some continuous function C{t) and 

ii/wii + iiV(t,,,p)/(t)ii + mm + ii^'-^wii < cit) 

for all t > 0. 

In the notation of the spaces of functions used above, the subscript b means that all the derivatives up 
to the indicated order are bounded. 

3. Proof of Theorem [21 

3.1. Estimates on D(j). 

Theorem 4. Assume that e Cb{R^), (j)]^'' G C^(R^) and cj)^ G C(J(R^). Assume that there exists a 
nondecreasing function C{t) for which 

f{t,x,p)=Qif\p\>C{i). 

Then 

\\\m\\\ + \\\Dm\\\<c{t). 



Proof : The classical solution of is 

{ j\y_,\<t-rJ yJl + \p?^/{t-TY-\y-x\ 



r f f f{T,y,p) 

(t){t,x) = (j)hom{t,x) -2 / / , , n / ' \t , ,o dpdydr (3.1) 



where 



^hom 



27r 



(l^tiy)dy , d ( f (f'^{y)dy 



\y~x\<t ^f^-\y-x\^ dt^J\y-^\<t ^/t^-\y-x\^' 
is the solution of the homogeneous wave equation with data and (p™ and the second term in (|3.1|l is 
the solution of l|l.l|l with trivial data. Then with the assumption of data in the theorem, one can see that 

||0ho.„(t)|| < C(l + t)[||C|l + + IICII] < C{l + t). (3.2) 
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With Lemma 12 the second term in becomes 

/7 / f{r,yp)dpdydr ^^^^^ f \\fir)\\{t - r) dr < C{t). 

JQ Jly-xKi-T J|p|<c(t) Vl + |ppV(i - r)2 - |j/ - Jo 

Therefore we have 

\\\m\\<cit). 

Using the fact that -D^ihom satisfies the homogeneous wave equation, we get |ll?0hom(i)|l < C{t). Note 
that given |p| < C{t), we have (1 + ^ • p)^^ < C{t). Then one can also see that the second terms of 
the representations dt4> and cJa;^^ are bounded by C'(t). Also using a similar argument to the kernels in 
Propositions n and 13 we obtain 

|/(r,y,p)|(|a*'| + + |c^*| + |a^-i | + |6^==i| + |c^==i |) < C(r). 

Therefore 

Jo J\y-x\<t~rJ\p\<C(t) V(^-t) - ly-a^r 

<C(i)+C(0 f [l + miTm-T)] dr. 
Jo 

By Gronwall's inequality, \\D(l){t)\\ < C{t). □ 



3.2. Estimates on D'^cj). 

Theorem 5. Let {f,(t)) he as in Theorem and assume that G CHR^), £ C^CM^) and c/)^' e 
C2(M2). T/ien 

|pV(t)|||<CW[l + ln*(t|||V(.^,)/(i)|||)] 
'O j/0<i<l. 



In (i) = 



ln{t) ifKt. 



Proof : Here we will prove the estimate for dl_^(j). The other derivatives can be obtained with the 
same argument presented in the following. First, in the representation of dxi4i, define 



a'^="i(^,p)/(T,2/,p) 



A<*- / / / '^-^l^lA^^ll^^dpdydT. 



\y-x\<t-rJ it-T)y/(t-T)^ - \y - x\ 
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Then using (|A.1|I we obtain 



\y-x\<t-r J (t- T)^(t-r)2- \y-x\^ 



dp dy dr 



: dp dy dr 



\y-x\<t-rJ {l + (-m~r)^{t-Ty-\y-x\' 

r a^-i(e,p)[(i + 6P2)Ti -eiP2r2]/(T,t/,p) 

■.= d^,A'l'^^S + d^,A't"'^T. 

Also 5 e (0,t) and e G (0, 1). Using (fO)l . we get from 9:^1^*"!^ 

'■a*==i(^,p)[(l + 6P2)Ti-CiP2T2]/(T,y,p) 



dp dy dr 



y-xt<(l-€)(t-T) 
t-<5 



(l+e-p)(t-T)2 

f{T,y,p) 



dp dy dr 



(3.3) 



J\y-oo\<il-,){t-T)J y/1 - ICP 

-(-6,0,1) • V(^,j^)a2"'(6p) dpdydr 



(-ei,l,0)-V(.,,)ar(e,p) 



t-(5 



y-2;| = (l-£)(t-r) 



where 



and 



y — x\<{l — e)5 



aTii.p) 



■ (1,0,0) dpdy^ 



T = t-(5 

(l + 6P2)a^-^ 
(l + 6p)(i-r)2 



|y-a;|<(l-£)t 



(-l,0,0)dpdy, 



T = 



a2"'(6p) 



(l + 6p)(i-r)2 



^ := [at- (6p)(-a, 1, 0) - (6p)(-6, 0, 1)](1 - l^^-^/^ 
Applying to the second term in (|3.3|l the similar argument in l)A.5|l and then by letting e ^ 0^, we obtain 

a^^i (6 P) [(1 + 6P2)Ti ~ aP2T2] /(r, y, p) 



t-s 



J|y-x|<t- 
t-S 



f{T,y,p) r 



■ dp dy dr 



(3.4) 



(-ei,l,0)-V(,,,)arH6p) 



J\y-x\<t-rJ V^HCF 

-(-6,0,1) • V(^,j^)a2"'(6p) dpdydr 



|!y-a;|<<5 



(l,0,0)dpd2/- 



|!y-a;|<t 



(-l,0,0)dpdy. 



r=0 



Note that 



So we obtain 



\A-{l,0,0)\<C{t){t-r)-\l^m 



2N-1/2 



' |y-a:|<i5 



(l,0,0)dpdy 



<C7(t) 



rl(52_|y_^|2)-l/2^y<^(^) 



■y — a; I < (5 
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and the same estimate holds for the last term in H3.4|l . Now we compute 



(-6, 1, 0) • V(,,,)ar^ itp) - (-6,0, 1) • Vir,y)at' (6p) 



-6 



+6( 



(t-r)3 



dy2 



< 



C{t) 



So we get 



t-5 



< 



Iv-xKt-rJ \/T~^W 
t-5 



(-a, 1, 0) • V(.,,)a^^ - (-6,0, 1) • V(.,,)a^^ 



dp dy dr 



'0 J\y~ 

Therefore (|H.4|I becomes 



.f^'i dydT^C{t)\ni 

x\<t-r (i-r)Vl- I^P 



7o J\y-x\<t-rJ 0-+i-p){t-TY V 



(3.5) 



For the tip of the cone, with (|1.2|l and Theorem 01 note that 



a^^i (6 P) [(1 + 6P2)Ti - 6P2T2] /(r, y, p) 



< 



So we have 

ft 



t — S ^ \y — x\<t — 7 



(i + 6p) 

a^^i (6p) [(1 + 6P2)ri - 6^272] /(r, y,p) 



g(0(l + ll|V(.,p)/(^)lll) 



(l + 6p)(i-r)2 



dp dr 



<C(t)(l + |||V(,,,)/(i)|||) 



dp dy 



't-sJ\y-x\<t-TJ\p\<C{t) [t-rY^l - 

Therefore collecting H3.5|l and H3.6|l we obtain 

d^.A^^^T < C{t) [1 + In ^ + <5 III V(,,p)/(<) III ] 
and taking 5 — min{i, ||| V(j,,p)/(t) |||^-^} wc get 

9,,A*-T < C(i)[l + ln*(i III V(,,,)/(t)|||)]. 

Recall (fOt : 
where 



(3.6) 

C(i)(l + J|||V(,,,)/(t)|||). 



(3.7) 
(3.8) 



F(t,x,p) := {S4>)p + 
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Then 



d.,A^^^S= / / / ±lM}^}^IM^_dpdydr 



ly-^Kt-rJ {l+i-p){t-T)y/{t-T)^~\y-x\^ 

, , , = dp dy dr 

J\y^.\<t~rJ {l + ^-p){t-r)^it-Tr-\y~x\^ 

io J\y-.\<t^rJ {l+^-p){t-r)^{t-T)^-\y-x\^ 



ISlote that VpF = 2S{(j>). 



/oMi^A iiF{T,y,p)f{T,y,p) 
J " V 1 + J ■ {t-T)^{t-T)^-\y~x\^^ 



d.^A^^^S^- f I / Vp C ) ■ ^ dpdydr 

Jo J\y-x\<t-7 



Jo J\y-.\<t-rJ {l + ^-mt-r)V{t-Tr-\y-x\^ 
By Theorem 01 one can see that 

\d^,A'^^^S\<C{t). (3.9) 

Now collecting ()3.7f) and (|3.9|) we get 

< + ln*(t III V(.,,)/(i)|||)]. (3.10) 

Define 

B^^^ -.^r f ['±;MmiM^ dpdydr. 

Jo J\y-x\<t-TJ ^y {t ~ t)^ ~ \y - x\'^ 

Then 



9.^B^^^ . r I I '±^^:^}^^£mi±£mA dpdydr. 

Jo Jlv-xKt-rJ V(i-T)2- ly-xp 



The first term becomes : 

r b'^^iitp)d,dSim 



lo J\v-x\<t-rJ y/it-rf - \y~x\'^ 
Using l|A.l|l the second term becomes : 

6*^i(e,p)5(0)a,,/ 



dp dy dr 



t 

2 



< C{t) / \\D^(j}{r)\\dr. (3.11) 



/o J\y-x\<t-TJ \J{t-rY - \y-x\^ 



dp dy dr 

dp dy dr 



2 



J\y-x\<t-TJ (1 +C •P)V(* - -\y-x\ 

/■* [ /■&^-(e,p)^(0)[(l+6P2)Ti-eiP2T2]/ 

+ / / / .1 , . ^w, ^ dpdydr 

Jo J\y-x\<t-rJ [^ + ^-P)[t-V 



10 



Hayoung Lee 



Again use for the term dx^B't'^iS 



/O J \y — x\ <t — T 



J \y — x\ <t~T 



So one can see that 



(l + e-p)v/(i-T)2-|y-x|: 



\d^,B'^^^S\<C{t). 



: dp dy dr. 



(3.12) 



For the term dxiB'^^^T, let us carry out the computation with the term involved Ti. The argument is 
same for the term with T2 and so will be omitted. Let 



B := 



^-^(e,p)(i+e2P2)(-ei,i,o) 
(i + c-p)(<-r)yT^ ■ 



Note that for e G (0, 1) we have 



10 J\y-x\<{l~<L){t-T) 



6^^i(C,p)5((/>)(i + e2P2)ri/ 



dp dy dr 



)0 J\y-x\<{l-i){t-T) 



(l+^p)(^-r) 

"i(e,p)5(0)(l+6P2) 



(l + ^^5)(^-r) 



(-6,1,0)/ 



dp dy dr 



S{4>)fB-\l-e,y^^y-^^] dpdSydr 
lo J\y-x\={i-e){t~T)J V \y-x\ \y-x\ ' 

ft 



S{<P)fBl^^-{-l,Q,Q)dpdy. 

lo J\y--x\<{l-i)t.' 

Applying the similar argument in (|A.5|I to the second term and then by letting e — > 0^, we obtain 

b^^i{tp)smi+^2P2)Tif 

up uy or 

(-6,1,0)/ 



' J \y — x\ <t—T 



[ 




' \y — x\ <t — T J 





(l+6p)(t-r) '^'^'^ 

(e,p)5(</>)(i + 6P2) 



(l+^p)(^-r) 



^(0)/S|.=o-(-l,O,O)dpdy. 



■ dp dy dr 



lo J\y-x\<t. 

Then using Theorem^ one can see that the last term is bounded by C{t). Let 



The Nordstrom- Vlasov system in two space dimensions 



11 



Compute the following 



< 



(-a, 1,0) 



{t-r) 



[t-Tf {t-r) dr 



+ - 



[t ~ t) dyi [t - t) 

<C{t)[{t-r)-' + {t-r)-'\\D'cl^{r)\\]. 



(t-r) 



So we get 



dp dy dr 



^ \y — x\ <t—r 



< C{t) + C{t) 



6^-i(e,p)^W(i + 6P2)ri/ 
(i + e-p)(i-r) 

{t-T)-^ + \\D^m\ 

J\y-x\<t-T ^/{t- t)2 - |y - 



(3.13) 



■ dy dr 



= C{t) + C(i) / (1 + (i - r)p20(^)||) rf^ < 
Jo 

Therefore collecting H3.11|l , (|3.12(l and l|3.13(l we obtain 



iD^cfifr)!! dr 



\dx,B^-^\<C{t) 



\D^(t>{T)\\ dr 



A similar argument is applied to the xi derivative of the term involved with the kernel c"^^! in the 
representation of 4>xi- Note that 9^^0hoin satisfies a homogeneous wave equation with the given initial 
data and so it is bounded by C{t). Since dx^f"^ is bounded, the xi derivative of the second term in the 
representation of (pxi is bounded by C{t) as well. Therefore we obtain 



\D^m\<c{t) 



l + ln*(t|||V(,,rt/(t)|||) 



iD'SMWdT 



□ 



So by Gronwall's inequality the theorem follows. 
3.3. Estimates on Df and Proof of Theorem |2J 
Theorem 6. Let {f,4>) and initial data he as in Theorem\^ Then 

\\yit,x,p)fm + \\D'm\<c{t). 

Proof : First we assume more smoothness on the initial data, i.e., S C^, 0q" € and 0']" S C^. 
Then applying dx^ to the Vlasov equation (|1.2() and integrating it along the characteristics, by Lemma |5] 
and Theorem 21 we get 



\dxj{t,x,p)\ < \\dxjn\ + cit) 



li3V(r)||)(l + |lV(.,,)/(r)|l)dr. 
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Similarly for dp^^f we have 

\dpj{t,x,p)\ < \\dp,n\ + C{t) /'(l + ||V(,,rt/(r)||)dT. 
Therefore using Theorem 13 we get 

||V(,,p)/(<)|| < ||V(,,p)r II + C{t) I [1 + ln*(r III V(,,p)/(r)|||)] (l + |||V(,,rt/(r) ||| ) dr. 









This equation is still satisfied with our original data in the theorem by a limiting argument. For fixed t 
and s £ [0,t], consider 

3+|||V(,,p)/(s)||| <Q(s) (3.14) 

where Q is defined by 



Qis) := (3 + II V(,,p)n|) + Cit) / Q(r) InQ(r) dr. 

Jo 

Then one can see that 

Q(s) = exp (e^«Mn(3 + ||V(,^p)r||)). 
So taking s — t with (|3.14|) we obtain 

ll|V(,,p)/(i)lll < C{t). (3.15) 

The bound on ||at/(t)|| follows by (113, l|TT3|l . Lemma Hand Theorem 

\\dtf{t)\\ < ||V,/(<)|| + \\Dcl>{t)\\ ||Vp/(<)|| + \\D<l>{t)\\ \\f{t)\\ < C{t). 

With Theorem 13 the proof of the theorem completes. □ 
Proof of Theorem [21: In 4 , the three dimensional version of the iteration scheme is presented and 
the convergence is shown. Even though the representations of the derivatives of are different in the 
two dimensional case, the iteration scheme and the proof of the convergence in ^ can be applied directly 
with Lemma 121 Theorems 01 and O to end the argument of the existence of solution. We also refer to the 
same reference for the uniqueness of the solution. □ 

4. Proof of Theorem El 

In the previous section, it was shown that the solution is continued as long as the p support of / 
remains bounded for bounded time. By the assumption that has compact support in p, there is a 
smooth solution with 

f(t,x,p) = Qii \p\>C(t), 

on some time interval [0, T). Without loss of generality we take T to be maximal and consider t £ [0, T) 
for the rest of the paper. Now define 

P{t) = sup{|p| : f{s, x,p)^Q for some (s, x) £ [0, t] x R^} + 3. 
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Note that P{t) < C{t) implies that T = oo and so the bounds stated in Theorems 01 and El hold for all t. 
Therefore once we achieve that P{t) < C{t) then the theorem follows. 

4.1. Preliminaries and Lemmas. We present some lemmas and notations to use frequently to prove 
TheoremO To keep notations not to heavy we write v A w — viW2 — V2'Wi, for any two vectors (wi,W2) 
and {wi, W2). and also define to = (y ~ x)/\y — x\. 

Lemma 3. 

(i+bn-i<2(i+e-p). 

Proof : The lemma follows by the fact that 

□ 

The following lemma is from Hi . We state it without the proof. 
Lemma 4. 

[pAuf < 2(l + C-p). 
Now for the next lemma, we define the energy density e by 

e{t,x) :=47r J yTTW^/(t, x,p) dp + ^(9*0)2 + l|V,0p. 
Lemma 5. Let the assumptions of Theorem\^hold. Then for each R>0, 

sup / e{t,y)dy<C{R + tf, (4.1) 

a;GR2 J\y~x\<R 

sup / / (liioAV^cff + lidt^-V.^^-u)^ 

xeW^ Jo J\y-x\=t-T+R. \^ ^ 

+47r J VTTbF(l +P-UJ) dp^ dSy dT < C{R + tf, (4.2) 
/ I f{t,x,p) 

y-x\<R \J ^/TT\p^ 



sup/ ( f ^^^^dp] dy<C{t){R + tr. (4.3) 



xei 



Proof : First note that 

^ e{0,y)dy<C{R + tf. (4.4) 



y-x\<R+t 



We have the energy identity : 



5te(t,a;)+V, • (^-dt(b\7 xcj) + ^tt J pfit,x,p)dp^ = 0. 
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So we have 



J ly-xlKt—T+R 
t 



J\y-x\=t-T + R 



drC + Vy ■ - 9t0Vj;0 + 47r J pf{T,y,p) dpj 
e + uj ■ dt(jNx(j) + 47r / p/(t, y, p) dpj 



dy dr 



dSy dr 



eiO,y)dy+ / e{t,y)dy. 

y-x\<t+R J\y~x\<R 

Also one can see that 

e + uj ■ dtctN ^(j) + ^TT j pf{t,x,p)dpj 

Therefore with H4.4(l . we obtam H4.1(l and H4.2(l . Note that for each r > 0, 
/(i,a;,_p) 



dp<C{t) \p\-^dp + r-^ ^l + \p?fdp<C{t){r + r-^e). 



□ 



V^l + bh "'|p|<r J\p\>r 

and so taking r ~ e^/^ and with 14.1|l we obtain (|4.3() 

The foUowing lemma is almost identical to Lemma 3 in , except that we have Lemma |21 So we 
state it without the proof. 



Lemma 6. For |^| < 1, define 



(^BcytyXjf) := / — , dp. 



Then 



0<aBC< C{t)P{t) mm{P{t), (1 - 1^1')-^/^. 



4.2. Fields estimates. Let A'*'', B"^' and C"*' be terms with kernels a*^', fo"*' and c*^' respectively in the 
representations of the derivatives of 0, where I = t,xi and a;2- 



Lemma 7. 

1^0* I + |C"^' I + IB"^-. I + |C"^-. I < c 
where i = I and 2. 



J\y~x\<t^ 



f{\dt^\ + + (1 + e ■ A Vx'^l) dpdydr 



Proof : Define w-*" = {~uj2,i^i) and then for every z S we have 

z = (u) ■ z)uj + (cj A z)u}^ ^ Z ■ LO^ = UJ /\ Z^ Z A LW^ = UJ ■ z. 

For fixed ^ and p define : K x ^ K by 

T{g, h) ^,(1 + ^ • pf{g + p ■ h) + e.(^ +p) • Hi + 
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Then from b'^^'i and c'^^'i , we have 



Usmg {{Q,uj-^), (1,1^), (—1,1^)} as an orthogonal basis of R'^ one can write 

T{dt(b, V,0) = (v4i(0, iu^) + A2{1, u;) + A^i-l, u;)) ■ {dt^, V,</.) 
for aU (9t(/) e M and V^^^ € where 

Now we estimate Ai, A2 and A3. First note that applying Lemmas 01 and 01 to the first and the second 
terms respectively we have 

- uj^)\ - + e • Pf\uJ h p\ + Ap|(l + bH-i < + e • p)2 + (1 + e • p)] . (4.5) 

Also we get 

12A2I = = 1^:1(1 +e -pfii +P • + \m^+v) ■ '^Ki + wr' 

<C{\+i-pf+C{\+^-p)\\i\+p-uj\ 

<C{l^i-pf+C{\+i-p)\\^\-l + {\+i-p) + {u:-0-p\ 

<c{\^i-pf + c{\ + i-p){i-\i\ + {\ + i-p) + \oj-i\)<c{i + i-pf (4.6) 

by the fact that |w - C| = 1 - |C| < 1 + ^ ' P. Similarly 

12A3I = \H-^,uj)\ = \m+i-pf\ - 1 +p • c^i + mm+p) ■ ^\{^ + \p?r^ < c{i + i-pf. (4.7) 

Collecting these bounds H4.5|) - H4.7|l . we have 

V,0)| < + e • p)2 + (1 + e • p)] |(0,c^^) • (9*0, V,0)| 

+ C(l + e • P)'|(l, c^) • (9*0, V,0)| + C(l + ^ p)'|(-l, u:) ■ {dtc^, V,0)| 
< C(l + ^ p)^{\dt(^\ + |V,0|) + C(l + e • p)|co A V,0|. 

Therefore we obtain 

/(|5t</>| + |V,</.| + (1 + e • P)" V A V,0|) dpdydr 



Jo J\y~x\<t-TJ 



^JlTW^{t~TY-\y-x\ 



2 



A same argument works for S"^* and C"^* and so the lemma follows. □ 
Lemma 8. 

f I aBc{r,yM^^^.<^{r,y)\dydr ^ ^ (t) P{t) In P{t). 

Jo J\y-x\<t-r ^/{t-Ty - \y - x]"^ 
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Proof : Let r — \y — x\ and s = (< — r — r)/2 in the r integration. We invert the order of the t and 
s and then change back to r in the r integration : 



lo J\y-x\<t-r ^(t-r)2- ly-xp 

''-^ ' aBciT,y,0\^ ^"^x(t>{T,y)\dSydrdT 



la Jo J\y-x\=r \J{i- tY - r'^ 

/■* n^'-^^ I aBc{T,y,0\oj h^x(i^{T,y)\dSydsdT 

10 Jo J\y-x\=t~T-2s \/sVt - T - S 

t/2 ^t-2s ^ (tbc{t, y,£.)\oJ A S/x(f>{T, y)\dSy dr ds 

Jo J\y-x\=t-T-2s \/s \/t — T — S 

f aBcjt - r - 2s, y, {y - x)(r + 2s)-^)\u; A V^0(t -r-2s, y)\dSy dr ds 

Jo J\y-x\=r V^Vr + S 

Let e e (0, t/2] and consider t G (e, t/2). From LemmaEland with — a;| — r = t — t — 2s, we have 

aBc(i - r - 2s, y, (y - x)ir + 2s)-') < ^^-^(^K^^g) ^ 

Vsvr + s 

Hence we get 



'/^ /■ crBc(i~f-2s,y,(y-x)(r + 2s)-i)|w AV:r0(i-7--2s,y)|ciS'j^drds 

J|t^-2;|=r \/s\AH-S 

t/2 /.t-2s 

-1 1 



(4.8) 



<C{t)P{t) I I I s''\uAVxHt-r-2s,y)\dSydrds. 

Je Jo J\y-x\=r 

By (|4.2|l and letting r = t — r — 2s we have 

/ \oj A\/x(l){t-r -2s,y)\^ dSydr (4.9) 

\y — x\—r 

/ |w A V^0(r, y)|2 dS-j^ dr < C{t - 2s)^ < Ct^ . 

lo J \y — x\—t~r — 2s 

So by Schwarz's inequahty (|4.8|l becomes 

f cjBc{t ~r~2s, y, jy ~ x)ir + 2s)-')\uj A Vx^bjt -r-2s,y)\ dSy dr ds 

e Jo J\y~x\=r V^y/r + S 



(4.10) 



.t/2 ( .t-2s . \ 

<C{t)P(t) / / s-2^5j,^^ ds C(t)P(i) In— . 

Jc \Jo J\y-x\=r J 2e 
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Consider r e (0, e). From LcmmaEl (tbc < C{t)P'^{t) and by H4.9|l we get 

r I TBcjt - r - 2s, y, {y - x){r + 2s)-^)\u; A V^^jt ~r~2s,y)\ dSy dr ds 

Jo Jo J\y~x\=r VsVr + S 

nt — 2s p 
/ \ujA V.x(l>{t -r~2s,y)\ [s{r + s)]-^^^ dSy dr ds 

J\y-x\=r 

<C{t)P^{t) f if [ [s{r + s)]'^ dSy dr] ds < C{t)P^{t) f s~^/^ ds = C{t)P^ {t)yfe. 

Jq \Jo J\y-x\=r J Jq 

Collecting (|4.1()(l and l|4.11|l we obtain that 

r f ..c(r . O|. AV 0(.,.)|d,dr ^ ^^^^^^^^ / t ^ ^^^^^ 

Jo J\y-x\<t-T ^y [t - tY - \y - xl'^ V 

Taking e = min{t/2, P^^{t)} completes the proof. □ 
Proposition 3. 

+ |c**| + \B^^.\ + \C^^.\ < C{t)P{t)\nP{t) + C{t) [\\\M{r)\\ + |1 V,0(r)|l) dr. 

Jo 

Proof : By Lemmas [7| and |S1 we obtain 

+ |C"^'| + \B'^'''\ + |C"^=. I 
<C t f f i\9t^\ + \^-^\)fdpdydT /■* f aBc\^AVx^\dydT 



J\y~x\<t-TJ y/1 + blV(^ - '^f - \y-x\'^ Jo J\y-x\<t-T y/ {t - t)^ - Iv - x\ 



12 



/O J\y- 

By (|4.3|l and Holder's inequality , note that 
f{r,y,p)dpdy 



f dp dy dr 



<C I (||a*0(r)||+||V.0(r)||) / / ^^^-'^^^ , ^^ +Cit)Pit)lnP{t) 



-x\<t-rJ V^TWVit-ry-\y-^\ 



\y^x\<t-rJ ^l+W^it-Tf ~\y-x\ 



2 



< 



. , 4^^^^ (I {(t-rY~\y-x\')-"'dy\ <C{t). 

'-x\<t-T \J vl + bP / / \J\y-x\<t-'r J 



\y- 

Therefore the proposition follows. □ 
Lemma 9. 

'da*' I + |a*-. I)/ dp < C{t) mm{P^{t),P^/'{t)e'/\t, - 1^1')-^/^- 

The proof of this lemma is almost identical to Lemma 5 in pm , except the fact that the kernels a*^* 
and a'^^'i have one higher order of p comparing with those in and we have Lemma |2] For the precise 
relation, recall that PropositionsQandElin the present paper. For this reason, we leave the sketch of the 
proof in the appendix. 
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Proposition 4. 

\A't" I + \A'I'-' I < C{t)P'\t) P[t). 

Proof : First note that 

'■ '■ f{\a'*'*\ + \a'l'-^\)dpdydT 



la J\y-x\<t-TJ {t-T)^{t-TY - 
Let 5 £ (0,i] and e G (0, 1). By Lcnima|ni we get 



/o Ji-e<|c|<i7 {t- T)^(t~ tY ~ \v-A^ 
/"* Z"*^^ r dr di 

lo i(i-.)(t-r) (t-r)V(^-r)2-r2 



Again by Lemma El and (|4.1|l we get 



J \y-x\<(i-,)(t-T) J {t- T)yf{t- rf - \y-x\'^ 



For the tip of the cone we have by Lemma 1^1 that 

/(la-^'l + \a'''-'\)dpdydT 



t~sJ\y-x\<t-rJ [t~T)^{t-TY ~ \y - x\'^ 

Collecting all above three estimates, we have 

\A^t I + 1^0.. I < ^(i) [p3(i) + In ip^/\t)e-^l^ + p3(t)5] . 

We take 5 = min{t, P~^{t)} then 

1^0* I + 1^-^-. I < C(t) [P'^{t)^fe + lnP(t)p3/2(i)g-i/4 + p2(^)j 

Taking e = P"^(i) In''^^ P{t) the proposition follows. □ 

4.3. Proof of Theorem 121 We note that from Subsection 13.11 we have proved that < C{t). 

Since \p\ < P{0) in the second terms of the representations dt(l> and dxi<p, one can see that these terms 
are also bounded by C{t). Now with Propositions |31 and ^ we obtain 

\dt(f>it,x)\ + \Vx^{t,x)\ < Cit)P\t)lli''^^ P{t) + C{t) f \\dt(t>iT)\\+\\Vx(t>{T)\\dT. 
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So for fixed t and s £ [0, t] 

\\dt<l>{s)\\ + \\V,<P{s)\\ < C{t)P\t) In P{t) + C{t) r \\dtHr)\\ + ||V,0(t)|1 dr. 

Jo 

By Gronwall's inequality and taking s = t we acliieve 

\\dtcf>{t)\\ + \\W^^{t)\\ <C{t)P\t)\nP{t). (4.12) 

We define the characteristics (A', 7')(s, t, for H1.2|l by 

d/dsX = V (4.13) 
d/dsP = -{dtct^is, X)+V- V,^(s, X))V ^j==, (4.14) 

with A'(t, i, x,p) = X, t, x,p) — p. Also define 

P{t) := sup{e'^('*'^)|p| : f{s,x,p) ^ for some (s,a;) G [0,t] x R^} + 3. 
Consider e^'^jpp along the characteristics : 

dldsie^-^^'^^^V^) = -2e''^^'^^^V ■ V,(/.(s, A"). 
Then with (|4.12l) one can see that when f{Q,x,p) ^ 0, 

^2mxio.t,^,p)) 1^(0, t,x,p)\^< e2*(*'^) \p\^ + C f e2^(^'-^) II V,0(r) |1 dr 







Note that in (|3.1|l we have e"^ < e*^''"™. Also we have seen that in Subsection ||(/)hom(^)|| < C{1 + t). 
Therefore with the definition P, for fixed t and s G [0, t] we get 



P^is)<C{t)+C{t) f P^{T)lTlP^{T)dT. 

Jo 



Therefore we have 

P2(s) < exp(e^(*)"lnC(t)) 

and taking s = t we get 

P{t) < C{t). (4.15) 

Note that by we have 

^%=r, dp < C{t) I {e%\)-'d{e^p) < at). 

So in (|3.1|l we get —cj) < C{t) and so e^*^ < C{t). Therefore with the definition P and H4.15|l we achieve 
P{t) < C{t). □ 



20 Hayoung Lee 

Appendix A. Proof of Proposition [3 
Using the following operations 

S:=dt+p-V^ 

Tk -.^ ^J—id., - ikdt) fc = l,2. 

we obtain 



1 + 



_ ^iS + vr^^[(i + 6P2)ri - ^iP2T2] 



_ 6^ + vr^^[-6PiTi + (1 + eiPi)r2] 



By these definitions it follows from that 



Note that from ifL^ 



where 



So S'terma;! becomes 



Jo J\y-A<t-rJ (1 + e • p)./TTW^{t - rf - 12/ - X|2 ^ ^ ^ 
io J\v-.\<t-rJ {l+i-p)^lTW{t~T) 
Jo J\y-.\<t-rJ {l+S.-p)VlTW{t-T) 

dxi4)o + S'terma;^ + Titerma;^ + T2terma;j. 



Sf = F{t,x,p)-Vj,f + ?>S{4>)f (A.2) 



F{t,x,p) ■.^S{4>)p + 



2 



S'terma;, =—2 / /" / ^ — f '^'P) — p/( il/iP) =dpdydT 

Jo J\y-.\<t-rJ (1 + e • p)yTTWV(i - - \V - 



hy-A<t-r^ (1 + e • p)yrTWV(i - - ly - 

ei5(<^)/(T,y,p) 



, , , , , dp dr 

io J\y-.\<t-rJ (l+^p)2(l+|p|2)3/2^(^_^)2_|J^_^|2 ^ 
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Also note that 
So we get 

Titerniajj = ~. 
We integrate by parts : 



dp dy dr. 



Jo J\y-x\<il-e)it-T)J \ VI 

nt 



(-a, 1,0)/ 



10 J\y-x\<(l-e){t-T) 



(-6,1,0)/ 



rfp dy dr 



+ 



10 J|y-x| = (l-e)(t-T) 



(-6,1,0)/ 



(-6,1,0)/ 



l-e. 



j dp dy dr 

yi - Xi 2/2 - X2 



\y-x\<(l-t)t. 

where e G (0, 1) and 



(-l,0,0)dpdy 



dp dSy dr 



T = 



1 + 6p2 



In the second term in (jA.4|l note that 



-6,1,0) 



So let 0+. We get 

Titernia; 



1 - e 



yi - Xi y2 - X2 

\y-x\' \y- x\ 



(l-e)(i-r) 



+ 2 



Note that 



V(.,,)ifTi -(-6,1,0) = - 



6^Tj'"(y,p) 

y-.i<t/ yr^^ 



V{T,y)KTi 



66p2 



J|a-2:|<t- 



dpdy 



(-6,1,0)/ 



dp dy dr. 



(6 +pi)(i + 6p2) 



(i + 6p)xA+W(i-T)2 (i + 6p)2Vi+W(i-r)' 



(A.3) 



(A.4) 



(A.5) 



One can identify T2terni2;j by the same argument. Combining these terms, we obtain the representation 
of dxicfi- 
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Appendix B. Proof of Lemma El 

In note that e"^ < e'*''"". Let {X,V){s,t,x,p) denote the characteristics as in (|4.13|l and 14.1411 . 
In short, we use X{s) := X{s,t,x,p) and V{s) := V{s,t,x,p). Note that the function e^^'^ f is constant 
along these curves. Hence the solution of H1.2|l is given by 

f{t,x,p) = r(A'(0),7'(0))exp [30(i,x)]exp [-3C(A'(0))] 

< f"(A'(O),7'(O))exp[30hom(i,x)]exp [-3(/.|f (A'(O))] . 

So with (|3.2|l the lemma follows. 



Note that 



Then we have 



Appendix C. Proof of Lemma El 

|a** I + |a*- I < C(l + b|)(l - \p\^){\ + e • + P| + le A p\] 

<C(l + H)(l-|pp)(l+e-p)-3/2. 

(|a** I + |a^-. I)/ dp < CP(t) f /(I - mil + e • dp. (C.l) 

J|p|<p(t) 



Let u = (1 + M^) -"^/^u. One can see that 



(C.3) 



/o (l-ucos0)3/2 - ^l~u\^\ Jo l-u|e|cos0 v/l-«'ICP 
So for any i? e (0, P(t)] using (|C.2|I we get 

/ {1 - \p\^){l + ^ ■ p)-^^^ dp < C {\ + u)udu<C udu<CR 

J\v\<R Jo Jo 

If i? = P(t), then with (|n?T|l we get 

j{\af'^\ + \a^-^\)fdp<C{t)P^{t). (C.4) 
For i? < we use Holder's inequality and l|('.2p to obtain 

/ f{i-W){i + i-p)-^'^dp 

jR<\p\<P(t) 

jR<\p\<p{t) \Jr<\p\ J y\p\<p{t) ) 



V "'«<ipi / \J^ 



2/3 / „p(i) \ 1/3 



(1 - wl^D^'udw 



P(t) \ 



<Ci?-2/3e2/3 / {\-\if)-^udu\ < Ci?-2/3e2/3p2/3(^)(^_ |^|2)-l/3^ 
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Now combining this and l)C.3|l we get 

J (|a*' I + |a*-' I)/ dp < C{t)P{t){R^ + i?-2/3e2/3p2/3(^)(^ „ 1^1')"'^^) 
for all R e (0, P{t)). Taking R = e^/'^P^^^{t){l - the lemma follows with fCl4|l . 
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